In electrical machines, iron losses are essential for electromagnetic and thermal designs and analyses. Although many models have been proposed to predict iron losses in magnetic materials, the calculation of iron losses under non-sinusoidal excitations is still an open field. Most works concern the influences of the value, the change rate or the frequency of flux density in the frequency domain. In this paper, we propose an engineering model for predicting loss characteristics with given waveforms of flux density in the time domain. The characteristics are collected from the knowledge of the iron loss in a laminated ring-shaped transformer. In the proposed model, we derive mathematical formulas for exciting currents in terms of flux density by describing the function methods through multi-frequency tests with sinusoidal excitations. The non-linearity of the material is interpreted by branches of conductances accounting for hysteresis and eddy-current losses. Then, iron losses are calculated based on the law of conservation of energy. An experimental system was built to evaluate the magnetic properties and iron losses under sinusoidal and non-sinusoidal excitations. Actual measurement results verify the effectiveness of the proposed model.
Introduction
Recently, various types of excitation conditions were applied to electrical machines with power electronics technology. The use of pulse width modulation (PWM) and non-linear loads results in a difficulty in iron loss prediction in magnetic materials. Although many models, which are based on physical or numerical methods [1] [2] [3] [4] [5] [6] [7] [8] [9] , have been proposed by different researchers, predicting iron losses in magnetic materials, when a non-sinusoidal voltage excitation is applied, has not yet been entirely solved and is still an open research field.
Following the modern research on iron losses in magnetic materials, iron losses can be decomposed into three main components, referred to as hysteresis, eddy-current and excess losses.
(1) Hysteresis losses are due to the steady losses of the Weiss domains and are supposed to depend on excitations and be independent of the structures and lamination thickness of iron cores; (2) on the contrary, eddy-current losses are due to the existence of eddy-currents and are affected by structures and lamination thickness, which affect the distribution and intensity of the eddy-current; (3) excess losses are due to dynamic losses of the Weiss domains caused by block walls' discontinuous movements with the production of the Barkhausen jumps [10, 11] . Based on the above contents, the Steinmetz equation [1] was proposed a century ago and has been widely used for iron loss estimation under sinusoidal excitations. With various structural arrangements and magnetization inputs applied to electrical machines, estimations of iron losses based on the steel manufacturers' datasheets, which mostly are tested under sinusoidal excitations, will exhibit large deviations from the actual ones. Over the last few decades, models have been established to improve the accuracy of the Steinmetz equation for various excitations, such as MSE (modified Steinmetz equation) [4, [12] [13] [14] , GSE (general Steinmetz equation) [15, 16] and iGSE (improved general Steinmetz equation) [17] . MSE uses the change rate of excitations instead of frequency. GSE suggests that iron losses are related to the transient and historical values of flux density. iGSE combines the idea of the MSE and GSE methods. Some variability and correlation of the loss coefficients are introduced, including a form factor [5, 6] and equivalent frequency [12, 13] coefficients for PWM excitations and a three-order polynomial representation of the hysteresis-loss multiplicative coefficient [4, 14, 18] . Research papers pointed out that iron loss prediction should depend on frequency, magnitude, change rate and historical values of flux density, as well as other factors. Thus, the most accurate result would require a time-domain simulation on the typology of actual waveforms and the non-linearity of magnetic properties, which includes all loss information of flux density B and magnetic field H.
Compared to hysteresis losses and eddy-current losses, excess losses are usually small enough to be neglected under low and medium frequency operations in laminated steel [7, 19] . Once the structure and material model of the iron core are determined, iron losses can be assumed to be only related to the alternating magnetic fields, which can be described as waveforms of flux density. The flux density is a vector with an alternating magnitude and direction. For the work at hand, only the alternating magnitude of the flux density is considered for the iron loss calculation under the steady state. The most frequently-used materials for electrical machines are non-oriented silicon steel, in which losses with the same magnitude, but different directions can be assumed to be the same according to its isotropy. In this way, iron losses can be predicted by analyzing the relationship between flux density and iron losses in the time domain.
Based on the above contents, we established an engineering model for predicting iron losses under non-sinusoidal excitations by using multi-frequency sinusoidal data together with given waveforms of flux density. The rest of this paper is organized as follows. Section 2 presents the experimental system containing a wound ring core with a small air gap for magnetic property and iron loss evaluation. Section 3 introduces the calculation procedure of the proposed engineering model. Section 4 compares the proposed model with actual measurement results under two types of excitations. Conclusions are presented in Section 5.
Specimen and Measurement System
The most common industrial measurement system for magnetic property measurement of silicon steel is based on the Epstein frame, which has the advantage of the possibility of material replacement. Although its accuracy is sufficient for industrial applications, the flux density distribution in the joints of the iron core is non-uniform and deviates from its main direction. Ring frames are often used for academic research under alternating excitation [20] , which has the advantages of uniform magnetic field distribution and a simple magnetic path. Figure 1 shows the setup of a specimen and the schematic diagram of the experimental system, which consists mainly of an iron core, a programmable AC + DC power supply and a Gauss meter for flux density measurement under DC conditions and low frequency excitations. Stranded wires were wound uniformly around the laminated iron core, forming the exciting coil. One unit of the stranded wires was separated to form the B-coil. In this way, the influence of leakage flux is minimized, and the measurement of input and induced voltage achieves a good coupling effect with the same distribution and shared ground point. Table 1 shows the parameters of the ring frame with a small air gap. The specimen model is 50WW470 (non-oriented, density: 7.7 kg/dm 3 ; lamination thickness: 0.5 mm; iron loss: 3.25 W/kg at 1.5 T and 50 Hz).
The iron core was excited by the programmable voltage supply with a controlled frequency, amplitude and harmonic ratio. Input currents were obtained by current viewing resistance R z (0.01 Ω) through a coaxial cable, which minimizes the time difference between current and voltage waveforms. The resistances of R d , R z and the exciting coil were measured with a Kelvin bridge (QJ84A) with temperature rises taken into consideration. It was found that R z barely changes with temperature rises. Two methods were used to measure the flux density B in the iron core. In the conditions of DC and low frequency (up to 400 Hz) excitations, the flux density was acquired by the Gauss meter (Lakeshore 460) with a plate probe (MNT-4E04-VH), which is sealed by wax inside the air gap. Under AC conditions, the flux density was calculated as:
where: u 2 (t) induced voltage of the B-coil; N 2 turn number of the B-coil; S section area of the magnetic core. 
Engineering Model for the Iron Loss Calculation

Sinusoidal Excitations
The ring frame can be expressed as two circuit models, shown in Figure 2 [21] . In the linear model, R copper is the resistance of the exciting coil, L s is the leakage inductance, R e is the resistance accounting for eddy-current losses and L m is the inductance of the exciting coil. Experimental results indicated that winding resistances and leakage inductances could be considered to be constant for the tested transformer; hence, it was assumed that all non-linearity could be confined to the core. In the non-linear model, G hi and G e are the conductances accounting for hysteresis and eddy-current losses, respectively. The small boxes in series with G hi are ideal filters, which allow only specific harmonic components of the current i h to flow to corresponding G h . In this paper, the resistance and inductance of wires that connect the exciting coil and the power supply are ignored. According to the law of conservation of energy, the iron loss in the iron core under no-load conditions can be calculated as:
The iron loss of leakage flux was neglected with uniform windings, so the average iron loss in one cycle can be expressed as:
where:
number of turns of the exciting coil; N 1 N 2 u 2 induced voltage transformed to the primary side; P average iron loss in one cycle.
In this way, all we need for the iron loss calculation are the waveforms of the induced voltage and exciting current. When the waveforms of the flux density are given, the relationship between the induced voltage and flux density is described by Equation (1) . Therefore, the last thing is predicting the exciting current under the given flux density for Equation (2) . Figure 3 illustrates the process of the iron loss calculation, in which f (B) is the non-linear describing function of the exciting current in terms of the flux density. In Figure 3 , the waveforms of flux density are obtained by Equation (1), and the current waveform is calculated using the describing functions. Then, the iron loss is calculated based on both voltage and current waveforms. When related to a sinusoidal induced voltage, the magnetic flux density can be expressed by:
where: U m amplitude of the induced voltage; ω angular frequency; B m amplitude of the flux density.
In a steady state, the exciting current is a periodic function and can be obtained through non-linear components of the core conductances, as shown in Figure 4 . Figure 4 illustrates the relationship between the flux density and exciting current, where B(t) is the flux density, i(t) is the non-sinusoidal exciting current and the relationship is defined as a hysteresis loop. Exciting current i(t) is expressed mathematically by three-order polynomials, with a goodness of fit r 2 greater than 0.95, in terms of the flux density piecewise. The lower curve of the hysteresis loop is divided into three segments by knee points (M 1 , i k1 ) and (M 2 , i k2 ), according to the saturation and non-saturation sections. When no DC-bias is involved, the hysteresis loop is an odd function. Thus, i(t) is written as:
a i parameters of the three-order polynomials;
β i corresponding phase angle of the knee points. Application of a fast Fourier transform (FFT) algorithm is then used to convert the exciting current to the frequency domain.
The iron loss can be calculated by:
where: A k , B k harmonic magnitude; I k harmonic amplitude of the exciting current; ϕ k harmonic phase angle of the exciting current; U k harmonic amplitude of the induced voltage; ∆ϕ k harmonic phase angle difference between the induced voltage and exciting current; M mass of the specimen.
In this case, U 1 = U m and U k,2≤k<∞ = 0, the iron loss density can be expressed by:
Non-Sinusoidal Excitations
When a periodic, non-sinusoidal voltage is applied without the considerations of DC-bias and minor loops, the induced voltage can be converted into a sum of sine-functions as in Equation (10) . Meanwhile, the flux density can be expressed by Equation (11) .
where: p n harmonic content of the induced voltage; ϕ u,n harmonic phase angle of the induced voltage; B n (t) harmonic component of the flux density.
When the waveforms of the flux density are known, harmonic amplitude and phase angles of the induced voltage and flux density can be easily obtained. A series of describing functions f n (B n (t)) for the n-th order of harmonics of B-I loops with the same B peak value as the given waveforms of flux density is pre-calculated according to Section 3.1. The parameters of the describing functions, which are used in the following sections, are listed in the Appendix. The function of the n-th harmonic of the exciting current is described as i n = f n (B n (t)) = F(n, ω, β 1,n , β 2,n , B peak ). It is known that each order of harmonics is not mutually independent of the others, and the total exciting current is different from the superposition of i n . Making reference to the influence of one harmonic of the exciting current on the flux density, the same change of the current results in different changes of the flux density depending on the saturation level of the iron core. Indeed, the influence of each order of harmonics depends on both magnitudes and corresponding transient variations. The exciting current and iron loss under non-sinusoidal excitations can be calculated mathematically as follows:
Step (1) Obtain describing functions in the same form as Equation (6) with various frequencies and B peak values by multi-frequency tests under sinusoidal excitations.
Step (2) Convert the non-sinusoidal waveforms of flux density into a series of sinusoidal waves and sample all waves with an interval time ∆t.
Step (3) Initialize fundamental and harmonics of the exciting current as follows:
where I 0,n is a random value and 1 ≤ n < ∞.
Step (4) Define (ωt) as follows,
The position of B n (t) in the corresponding I(B) curve as shown in Figure 4 is found using the value of (ωt) . The corresponding describing function f n (B n (t)) is applied to calculate the change of the n-th harmonic of the exciting current by:
Step (5) Calculate the average value of the n-th harmonic of the exciting current, I avg,n . As no DC-bias is involved in the waveforms of flux density, the average value should be equal to zero, which suggests that:
Step (6) Apply FFT on the sum of the harmonics of the exciting current to obtain amplitude and phase angles, which are substituted into Equation (8) to calculate the iron loss.
The iron losses in this laminated steel under given non-sinusoidal waveforms of flux density can be calculated using this model by following Steps 1-6; the same process can be applied for iron loss calculation in other materials. Thus, the relationship between iron losses and waveforms of flux density is found using this model. It should be mentioned that the loss is calculated in units of W/kg. The iron loss calculation in electrical products, such as electrical machines, can be carried out with supplementary magnetic field simulation results. Once the FEM simulation is carried out, for each element, the weight and flux density can be derived, and the iron loss for each element could be calculated accordingly. The iron loss in the electrical machine can be obtained simply as the sum of the loss in each element.
Verification of the Engineering Model
For most electrical machine applications, the contents of harmonics over 10th order are likely to be tiny, and even orders are usually eliminated due to the structural arrangement. During the simulations and experiments, odd orders from first to 13th were taken into consideration for the iron loss prediction. Fifty Hertz was chosen as the fundamental frequency.
Magnetic Properties under Sinusoidal Excitations
Firstly, the experimental work of the ring frame under DC and sinusoidal excitations (from 0 to 650 Hz with a 50-Hz interval) was carried out to build the describing functions for further research, and the results were compared to those provided by the manufacturer of the Epstein apparatus. Many tests were taken to obtain B-I curves with various frequencies, and one example of 50 Hz is shown in Figure 5 . Figure 6 illustrates the results of the non-linear magnetic properties and differential inductances of the ring frame with various frequencies, where the values of the horizontal axis are the logarithm (base two) of the exciting current. The inductances were calculated by:
where: Ψ flux linkage of the exciting coil.
It can be seen that B-H curves are not in complete accord with each other. The saturation conditions of different frequencies are diverse due to the different magnetic field strength of knee points, which makes non-sinusoidal conditions more complex. The inductances also change with both frequencies and saturation levels. Only at the fully-saturated stage, the inductances seem to be independent from the frequency. Therefore, it is reasonable to consider the iron loss composition as branches in the non-linear model in Figure 2b . Figure 7 presents the iron losses in the ring frame and Epstein frame under sinusoidal voltage excitations. The results of the ring frame agree reasonably well with the data from the Epstein frame. The accuracy of the experiment system was verified for further experiments. 
Single Harmonic Injections
The power supply was programmed to inject a single odd order of harmonics of voltage with controlled content p into the fundamental waveforms, and the amplitude of the fundamental waveforms was adjusted to achieve a constant B peak value. When B peak was 1.0 T, which happened to be near the knee point for 50-Hz excitations, the examples of seventh harmonic injections were analyzed. For seventh harmonic injections, only first and seventh orders of harmonics of the exciting current were effective for the iron loss calculation according to the composition of voltage harmonics. Both theoretical and experimental results are listed in Table 2 , where the amplitudes and phase angles are obtained from the simulated and measured waveforms of the exciting currents, and P fund. and P harm. are the iron loss components calculated in Equation (8) . Since the B peak value is constant, the increasing content of the seventh harmonic of injection voltage leads to a decrease in the fundamental voltage and currents. Figure 8 shows an example of the waveforms of the exciting current with 35% harmonic content. It can be seen that the results of the simulation agree well with the measured ones for amplitudes, phase angles, iron losses and waveforms. The errors of harmonic losses are below 10%, except the condition of 5% injection. It can be seen that the error of the harmonic loss becomes smaller when the content is higher. This is the result that the influence of measurement errors becomes smaller when the harmonic loss increases. The errors of fundamental and total iron losses are below 5%. The engineering model was proven to be suitable for the iron loss prediction under single harmonic injections. 
Square Wave Excitations
In some applications, electrical machines suffer grievous distortions. Square wave excitations are assumed to be classic among non-sinusoidal excitations. An example of 50 Hz square voltage excitations, which contains abundant harmonics, was analyzed when B peak is 1.5 T (severe saturation). Figure 9 presents the waveforms of the induced voltage and flux density, where the waveforms of voltage are square, and the flux density is triangular and can be converted into a superposition of odd orders of harmonics, as Equation (18), where orders beyond seven are ignored due to their small amplitudes. Under this condition of flux density, the iron loss was calculated according to the proposed model in Section 3.2. Table 3 shows the comparison of the simulation results with experiments, and Figure 10 illustrates the waveforms of the exciting current. The waveforms of the simulated exciting current fit well with the actual measurement, where the little difference is the result of neglecting all even and some odd (beyond seven) orders of harmonics. The results of iron losses agree well with the measured results, which implies the effectiveness of the proposed model for non-sinusoidal excitations. 
Conclusions
In this paper, an engineering model for iron loss predictions with given waveforms of flux density has been proposed. Firstly, multi-frequency tests of B-I curves under sinusoidal excitations were carried out to derive describing functions for interpreting the non-linearity properties of magnetic materials. Then, the given waveforms of the flux density were converted into a series of sinusoidal waves, and the waveforms of the exciting current were predicted by estimating the variation of each harmonic using the describing functions. Finally, the iron loss characteristics were obtained according to the law of the conservation of energy. The proposed model was proven to be effective for iron loss predictions under non-sinusoidal excitations in a ring transformer with a specific material model. With describing functions from multi-frequency sinusoidal excitations with the same B peak value of the actual non-sinusoidal waveforms of flux density, the model showed a significant precision in the prediction of iron losses in the ring transformer under non-sinusoidal excitations with errors below 5%. In this way, the iron loss characteristics of the magnetic material with given waveforms of flux density were acquired, which makes a contribution to iron loss predictions in electrical machines with supplementary magnetic field simulation results.
For this paper, a scalar loss model has been presented. However, the iron loss from flux density rotation has not been studied and could be investigated as part of future work. 
